We consider the subleading contributions of the hadronic vacuum polarization, involving the π 0 γ * γ * transition form factor, to the muon anomalous magnetic moment g − 2. Various models for the form factor, based on hadronic ansatzes and holographic principles, are considered: They are the Wess-Zumino-Witten, vector meson dominance, lowest meson dominance (one and two vector resonances), and anti-de Sitter/quantum chromodynamics (AdS/QCD) models. The model parameters are determined by fitting the experimental data for the e + e − → π 0 γ total cross section.
I. INTRODUCTION
The muon anomalous magnetic moment has been playing a crucial role in the precision test of the Standard Model (SM) in particle physics, where both the theoretical and the experimental values are determined with comparatively high precision (see Ref. 1 for a comprehensive review). There is a considerably large discrepancy between them of about 2.4 σ ∼ 3.6 σ deviations, depending on the experimental inputs to the hadronic vacuum polarization contributions, including the inputs from e + e − scattering and τ decay experiments [2] . The most recent work finds, after accounting for the γ − ρ 0 mixing to correct the τ decay analysis, that [3] a exp µ − a th µ = (31.3 ± 7.7) × 10 −10 ,
which results in a 4.1σ deviation. If such a discrepancy actually turns out to persist in the upcoming experiments, it will be strong experimental evidence for new physics beyond the SM. Therefore, substantial efforts are currently being devoted to increasing the precision of both the experimental measurements and the theoretical calculations of the muon anomalous magnetic moment. For instance, the new experiment at Fermilab plans to reduce the current experimental error by a factor of four [4] .
On the theoretical side, the SM prediction is typically divided into three parts: Quantum electrodynamics (QED), electroweak (EW) and hadronic (Had) parts. While the QED and EW contributions are determined with unprecedented precision by using perturbation theory [5, 6] , the determination of the hadronic part is challenging because of its nonperturbative nature and, thus, is responsible for the main theoretical uncertainties. Though, in principle, this hadronic part can be computed from first principles by using lattice quantum chromodynamics (QCD), it remains currently in an early stage and, thus, involves large statistical and systematic errors [7] [8] [9] [10] [11] [12] [13] . The standard approach to the evaluation of the lowest order hadronic contribution is to use the dispersion relation to obtain the hadronic vacuum polarization (HVP) from the cross-section measurements of the e + e − annihilation to hadrons or the τ decay. Of our particular interest is the subleading HVP for the annihilation channel of πγ * , which is at the order of α 3 . The corresponding Feynman diagram is shown in Figure 1 . In fact, this two-loop diagram contains the double-virtual pion-photon-photon transition form factor,
, which is used to calculate the hadronic light-by-light (HLBL) contribution in the pion pole approximation [14, 15] . This transition form factor largely depends on the hadronic models based on the vector meson dominance and is constrained by the large-N c QCD and the operator product expansion. Recently, an alternative technique for the determination of the form factor is introduced by using holographic principles [16] [17] [18] . The purpose of this paper is to calculate the HVP contributions to the muon g − 2 that involves the anomalous transition γ * → π 0 γ * . We compare our results with the known values obtained from the dispersive approaches [19] and discuss their implications for the determination of the HLBL contributions.
This paper is organized as follows: In Section II, we define the HVP matrix element for the π 0 γ * channel, where the pion-photon-photon transition form factor is defined in the Lagrangian for quarks and photons. Section III is devoted to describing the transition form factors in various phenomenological models. In Section IV, we first determine the model parameters by fitting recent experimental data for the total cross section of e + e − → π 0 γ to those obtained by the models. Then, we report our final results for the subleading HVP contributions to the anomalous magnetic moment of muon and discuss them critically. 
where K is the Euclidean momentum and α is the fine structure constant. The kernel f (K 2 ) is given as
where m µ is the mass of the muon and
The hadronic vacuum polarization in QCD is defiend by the electromagnetic currents of the quarks as
where J µ em = fq f γ µ Q em q f with the quark flavors (f = u, d, s, · · · ) and Q em is the electric charge operator. Our convention for the metric tensor is η µν = diag(1, −1, −1, −1). The vacuum polarization should be properly regularized and renormalized to handle the ultraviolet (UV) divergences in the loop integrals. In this work, we use the hard momentum cut-off Λ cut as a regulator. To take account of the charge renormalization, one has to subtract the vacuum polarization at zero momentum from the bare vacuum polarization. In
Eq. 2, we, therefore, use the renormalized vacuum polarization functionΠ(K 2 ) given bȳ
Because we are considering the hadronic vacuum polarization due to the anomalous transition form-factor of pions, shown in Figure 2 , we should rewrite Π(K 2 ) in terms of the anomalous form-factor,
). This form-factor basically describes the interaction of the pion with two (off-shell) photons with momenta q 1 and q 2 , respectively. The interaction Lagrangian for the photons, quarks and muon fields in the underlying theory is given as
where u µ denotes the muon field. Starting from this Lagrangian and the QCD Lagrangian, one can express the anomalous form factor
2 ) as, by sandwiching two electromagnetic currents of quarks between the QCD vacuum and the pion state,
where
) as the two photons are indistinguishable.
The one-particle irreducible Feynman diagram for the vacuum polarization Π π 0 γ * .
The one-particle irreducible (1PI) diagram of the vacuum polarization for γ
given in Figure 2 , where the momentum q and the Lorentz indices are understood. Then, the 1PI matrix element can be expressed as
where q − = q − l. To evaluate the momentum integral, we use the Feynman parametrization and perform the Wick rotation to the Euclidean space. For the various models used to study the pion transition form factor, we first check that the matrix elements satisfy the Ward-Takahashi identity to give the vacuum polarization functions as
III. ANOMALOUS PION-PHOTON-PHOTON FORM FACTOR
In the literature, various models for the anomalous pion-photon-photon form factor exist.
The simplest model might be the model involving Wess-Zumino-Witten (WZW) term [21] , which describes the constraints from the Adler-Bell-Jackiw (ABJ) anomaly at low energy [22, 23] , where the pion decay constant in the chiral limit is replaced by the physical one
MeV. In this model, the form factor is given by
where N c is the number of colors in QCD, i.e., N c = 3. Although this model is not realistic because it does not depend on the momentum, it will serve as a reference point for the theoretical normalization of the anomalous form-factor at q 1 = q 2 = 0.
The next model considered in this work is the usual vector meson dominance (VMD) model, where the form factor is given as
where M V is the mass of the lightest vector meson and is typically set to be the ρ meson mass.
The zero momentum limit of this form factor satisfies the axial anomaly constraints. Another constraint from QCD is that all the anomalous form-factors should satisfy the requirement that at large Euclidean (spacelike) momenta, the single-and the double-virtual photon form factors can be computed using the operator product expansion (OPE), which leads to the so-called Brodsky-Lepage formula or equivalently
]. The VMD model shows a behavior consistent with the BrodskyLepage formula for the single-virtual form factor but not for the double-virtual one.
We consider two more phenomenological models based on the large-N c approximation to QCD: the lowest meson dominance (LMD) model involving one vector resonance [28, 29] and its variant model (LMD+V) involving two vector resonances [30] . The form factors are parametrized as
where the overall sign is opposite to that of the anomalous form-factor used in Ref. 14. The normalization at zero momenta in Eq. 10 allows us to find the expressions for c V and h 7 :
Furthermore, the prefactor of −F π /3 is set to be consistent with the leading-order OPE prediction for double-virtual photons at short distances. Because the single-virtual form factor in the LMD model converges to a constant at large Euclidean momentum, it fails to reproduce the Brodsky-Lepage behavior. The LMD+V model provides the most promising form factor so far, as it does satisfy all the constraints mentioned above if the parameters, the h i 's, are determined appropriately. First of all, the large momentum limit of the singlevirtual form factor is consistent with the Brodsky-Lepage behavior if h 1 is set equal to zero and the value of h 5 is determined by experiment. For instance, the parameter h 5 has been set by fitting the single-virtual form vector to the CLEO data [30] , which yields h 5 = (6.93 ± 0.26) GeV 4 . In addition, one determines the parameter h 2 −10.63 GeV 2 by investigating the subleading-order terms (higher-twist corrections) in the OPE of the double-virtual form factor at short distances [31] . A similar result has been obtained from a recent lattice QCD calculation for the form factor to find h 2 = −11.2(5.4)(2.7) GeV 2 , where the numerics in the first and the second parentheses are the statistical and the systematic errors, respectively [32] . In the LMD+V model, ρ (1450) is often considered for the second lightest vector resonance, if restricted to two light quark-flavors.
An alternative approach to determine the transition form factor was recently introduced in the framework of anti-de Sitter/QCD (AdS/QCD) as [16, 33, 34 ]
where z m is the infrared cut-off in AdS/QCD that describes the confinement in QCD. J(q, z) and Ψ(z), which describe the non-normalizable external photon source and the pion wavefunction, respectively, are composed of Bessel functions and modified Bessel functions. Because J(q, z) is hard to handle, we replace it with a series expansion by using the completeness relation of the (vector meson) wave-functions as introduced in Ref. 35 :
with
which is to satisfy the boundary conditions ψ k (0) = 0 = ∂ z ψ(z m ). γ 0,k are the zeros of the Bessel function J 0 (x), and the vector meson mass M k obeys M k = γ 0,k /z m . The k-th meson decay constants, f k , are determined as
Using the above results, we truncate the anomalous form factor, Eq. (15), up to the k-th vector mesons to obtain
In our calculation, we sum the modes up to the 8-th vector meson in Eq. 19, because the sum converges rather quickly and the higher excited mesons contribute little (see in Figure 4 . Using the form factor that we obtained above, we calculate the vacuum polarization to find the next-leading hadronic vacuum polarization contribution to the muon anomalous magnetic moment g − 2. If the subleading HVP corrections to the muon g − 2 are to be calculated by modeling the pion transition form factors, experimental inputs are needed to fix the model parameters. In principle, these parameters can also be determined from first-principles calculations such as there is lattice QCD. In this work, we attempt to determine some of the phenomenological parameters by considering recent experimental results for the total cross section of e + e − → γ * → π 0 γ from the spherical neutral detector (SND) experiments [36] . For a given singlevirtual form factor, F π 0 γ * γ (q 2 , 0), the total cross section is given as
where m e is the electron mass and s is the center-of-mass energy squared. Because the phenomenological models for the form factor use only the information at the mass pole of the vector meson without its decay width, the cross section around the pole cannot be described correctly. The cross section diverges at the pole, as shown in the left panel of Figure 5 . For the models in Figure 5 calculate the HVP corrections from the vacuum polarization π 0 γ * to the muon g − 2. We first consider the WZW, VMD, LMD and AdS/QCD models, for which the results are summarized in Table I . For these models only the lowest vector meson mass is required to fix the model parameters. We vary the cut-off scale from 1 GeV to 3 GeV. Note that the loop integrals for the VMD and the AdS/QCD models do not have an UV divergence. Therefore, the corresponding results for the muon g − 2 contributions converge to a constant as Λ cut-off approaches infinity. The HVP corrections for the other two models largely depend on the cut-off scales. Although there are considerable model and cut-off dependences, the overall sizes of the corrections have the same orders of magnitude, ∼ 10 −11 .
For the LMD+V model, we use two additional parameters, h 5 and M V 2 , determined by fitting the SND data, as described above. As a reference, we also calculate the HVP contributions to the muon g − 2 by using the value of h 5 used in the HLBL calculation and by taking the same values of M V 1 and M V 2 corresponding to the two peaks in the SND data. Furthermore, we vary the cut-off scale from 1 GeV to 3 GeV and the parameter h 2 by ±10 GeV 2 . Note that h 2 cannot be determined if any one of the photons of the pionphoton-photon transition is on-shell. Thus, we borrow the value of h 2 = −10.63 GeV 2 from
Ref. 14 and consider two more values of 0 and 10 GeV 2 to estimate its dependence on the HVP contributions. In Table II , we present the results: similarly to the other models, we find that somewhat large cut-off dependence exists. We also find the h 2 dependence in the using two values of h 5 is difficult due to these dependences, the results in this work are systematically smaller than those obtained by using the value of h 5 in the HLBL calculation and are consistent with results in the other models in Table I . Because the standard method to calculate the HVP contribution to the muon g − 2 is based on the dispersion relation, comparing our results with those obtained by using dispersive approaches is worthwhile. 
where we take s th = 4m with x ≡ (1 − β µ )/(1 + β µ ) and β µ ≡ 1 − 4m 2 µ /s. By using the interpolating function constructed from the SND data (the solid line in Figure 6 ) for σ 
which turns out to be an order of magnitude larger than the one obtained from the twoloop calculation by using the anomalous form factor. Because the differences among the considered models are much smaller than the differences with the dispersive results, determining which model is the most appropriate one for calculating the HLBL contributions to the muon g − 2 is difficult. The corrections from both the HLBL and the HVP involving the pion-photon-photon transition form factor are expected to be of the same order, α 3 .
Such a naive expectation seems to be correct if we consider the dispersive results for the HVP and the HLBL contributions obtained in the pion-pole approximation. However, our results for the HVP contribution obtained using the transition form factor turn out to be systematically smaller than those results obtained using the dispersion relation in Eq. 22
by a factor of ten. We leave this discrepancy to a future study. In addition, computing the HLBL corrections by using the parameters h 5 , M V 1 and M V 2 found in our study would be interesting because, as shown in Table II , the HVP contributions to muon g − 2 for different values of h 5 are quite different.
